This paper considers the well known Romer model of endogenous technological change and its extension where different intermediate capital goods are complementary, introduced in (Benhabib, Perli, and Xie 1994) . They have shown that this modiÞcation allows indeterminate steady state for relatively mild degrees of the complementarity. The authors were able to derive analytically sufficient conditions for the indeterminacy and to Þnd speciÞc parameter values producing the indeterminate steady state.
Introduction
It has been known for almost two decades that in dynamical general equilibrium models equilibria could be indeterminate. The usual deÞnition of a local indeterminacy of some equilibrium dynamics (for example, steady state or limit cycle) is the existence of a non-stationary continuum of perfect foresight eqilibria around the steady state (limit cycle) asymptotically converging to it (Shigoka 1994) . Global indeterminacy is deÞned as the existence of different perfect foresight trajectories asymptotically converging to different equilibrium dynamics (steady state or a limit cycle). By the very deÞnition, both local and global indeterminacy imply non-uniqueness of the equilibrium. This feature was considered bad modelling from the 1950's through to the 1970's, but currently is being increasingly used to explain business cycles, monetary transmission mechanism, and divergence in the economic performance of different countries (Benhabib and Farmer 1999) .
I study indeterminacy in the continuous time economic growth model with rational expectations. Such models are usually described by a system of ordinary differential equations (ODE). Determinate (locally unique) equilibrium means that the number of constraints, imposed on the perfect foresight dynamics (a trajectory in the state space), is just enough to pinpoint a single trajectory converging to the steady state. The constraints are derived by requiring that the trajectory evolves only along the converging (stable) directions in the state space. The trajectory should be orthogonal to the explosive directions. In more technical terms, the constraints are derived by limiting the trajectory to the stable manifold of a particular steady state; this provides a very simple test for the indeterminacy. One has to compare the number of free (control) variables in the model to the number of explosive, or unstable, directions in the neighborhood of the steady state. If those numbers are equal, generically there is a unique choice of control variables that puts the system onto the stable manifold. This situation is referred to as local determinacy. If the number of constraints (unstable directions) is higher than the number of controls, it is, in general, impossible to satisfy the constraints. Therefore, trajectories will initially diverge from the steady state. This case does not have an established name, but terms "explosive dynamics" or "explosive steady state" are sometimes used 1 . When the number of unstable directions is less than the number of controls, a continuum of values for the controls that put the system onto the stable manifold exists. This is local indeterminacy. Study of local determinacy, indeterminacy, or explosive behavior is thus equivalent to studying the local stability of the steady state of the system of ODEs.
This paper considers the well known Romer model of endogenous technological change (Romer 1990 ). The original Romer paper did not address the question of the uniqueness of the equilibrium trajectory. However, the question has been studied in several other papers. In (Arnold 2000 ) the model was simpliÞed by removing unskilled labor from the production function. It was shown that if the model has an interior steady state, then this steady state is locally determinate. Necessary and sufficient conditions for non-existence of complex roots implying oscillatory convergence to the steady state were derived. The 1 After initial divergence the trajectory can converge to a limit cycle and remain bounded. The limit cycle can be determinate or indeterminate. Alternatively, the trajectory can diverge to inÞnity. Only in the latter case can we speak about "explosive" behavior. However, proving the existence and (in)determinacy of the limit cycle is usually hard, and possibility of its existence is very often mentioned in passing without further elaboration. For further discussion of the economic interpretation of limit cycles refer to (Kind 1999) and (Benhabib and Miyao 1981). author of the paper mentions in passing that "unskilled labor in Þnal goods production ... proves to be inessential in (Romer 1990 )". (Benhabib, Perli, and Xie 1994 , from now on BPX) generalize the original model to allow for complementarity between different intermediary capital goods. They are able to prove that strong enough complementarities imply the possibility of the indeterminate steady state, but they did not succeed in deriving the necessary and sufficient conditions for the steady state to be indeterminate because of the complexity of expressions involved; only numeric results were obtained. SpeciÞcally, I show that the inclusion of L does not change the main conclusion of that paper. If parameter values are such that the steady state if interior, then it is determinate. This Þnding leads to an attempt to look at the more complex BPX model from the same point of view, that is, excluding the unskilled labor. This allows some simpliÞcation of the steady state Jacobian, and I am able to derive analytical results on the nonexistence of the Hopf bifurcations in several special cases in Section 4. In particular, it is shown that no Hopf bifurcation leading from a determinate steady state to a completely stable one exists. In Section 5, I attempt to Þnd "reasonable" parameter values leading to the absolutely unstable steady state through the Hopf bifurcation. As described in the footnote 1, such a bifurcation can lead to the appearance of the stable limit cycle or absolutely explosive behavior. 
where A is the level of knowledge currently available. Final good production technology is given by 
The Þrms in the Þnal sector are perfect competitors. Therefore, they take price for intermediate capital goods as given and calculate the desired level of demand by maximizing proÞt,
with the solution given by 
where r is the interest rate (it is assumed that intermediate sector Þrms rent their capital). It is possible to express the interest rate through other variables in the model as
Comparing this with the expression for p(j), one arrives at the expression of the intermediate Þrm's proÞts,
The research sector is competitive and uses skilled capital and total stock of knowledge as inputs. The production function in this sector is given by Perfect competition in the research sector implies that the price for a new "design" is exactly equal to the present value of proÞts derived from it,
Differentiating (6) with respect to time, one gets
Noting that the wages of skilled labor in research and the Þnal sector should be the same, one obtains
The model is closed by introducing representative inÞnitely living households maximizing their lifetime utility
As is well known, the solution to this problem is given by
plus appropriate transversality condition.
Substituting the expression for r into (1) and introducing the new variable
Noting that K = ηAx in a symmetric equilibrium, substituting this expression
and (8) into (4), one gets
where Λ is given by αξ γ(ξ−γ) . Taking logs in (8), differentiating with respect to time, and comparing the result with (7), I get the following equation:
Finally, taking logs in (3), differentiating with respect to time, and substituting (10), I arrive at the following system of equations:
Solving the Þrst two equations of the above system for
, I obtain the Þnal system of differential equations,
For simplicity, H Y is denoted h in the above system and the following discussion. It is immediately obvious that A does not enter differential equations for r, h, or q. The evolution of A will determine the levels of the capital and consumption, but will not inßuence determination of the growth rates in the economy or stability of the Balanced Growth Path (BGP). Therefore, I could safely drop it from consideration and concentrate on the Þrst 3 equations in (13).
This system is equivalent to the system of (14), (15), and (16) in (Benhabib, Perli, and Xie 1994) when one substitutes y in the latter system with its expression as a function of r and h. The system (13) derived above is easier to analyze because only second degree polynomials are present on the right hand side. The unique non-zero solution of (13) is given by a triple (h * , r * , q * ), where
There are several necessary conditions that need to be satisÞed. First, the variables (r, h, q) are by construction positive, therefore the steady state values should be positive. Second, h * should be less than the total amount of the skilled labor, H. Third, the household's utility should be Þnite along the BGP.
And fourth, transversality condition should hold at the steady state.
Consider Þrst constraints h * > 0 and H − h * > 0. Two inequalities below should be satisÞed at the same time:
Λ is a positive number. If the term in square parentheses is positive, then
Suppose that Ψ is negative. In this case, one of the two cases must be true:
Assume δHΨ + ρ(1 − γ) > 0 and ρ < δ Λ H. Then the following chain of inequalities hold:
and
and ΛΨ + (1 − γ) < 0 is also satisÞed. Combining the results for positive and negative Ψ, I obtain the following Claim:
Claim 1 Restrictions h * > 0 and H − h * > 0 are satisÞed if and only if model parameters belong to one of the following two sets:
Obviously, sets in Claim 1 are equivalent to those derived in the (Benhabib, Perli, and Xie 1994) . Note that for σ = 1,
and only the case Θ 2 is possible if σ ≥ 1.
and Ψ is decreasing in ξ for σ < 1. Therefore, the case Θ 1 , which requires Ψ < 0, is possible only for low σ combined with high ξ.
Claim 2 Case Θ 1 is realized only for sufficiently low σ < 1 and sufficiently high ξ > 1.
Consider now r * . The situation will be different for σ 6 = 1 and σ = 1. Assume
It is now obvious that if I have case Θ 1 or Θ 2 , the second term is positive, and therefore r * is positive.
Assume σ = 1. Direct computation in this case gives
By Claim 2 only case Θ 2 is possible for σ = 1, and ρ < δ Λ H. Therefore, substituting δH in the numerator, one gets
and therefore r * > ρ > 0.
Claim 3 If the model parameters belong to {Θ 1 , Θ 2 } then r * is positive.
My next step will be to ensure that the household utility remains Þnite. The utility is given by U =
Along the Balanced Growth Path, r, h, and q remain constant. Therefore, knowledge grows with the rate given by
If r is constant then the capital growth rate is given by
and so C grows with the same rate as K,
To ensure convergence of the utility integral, the following condition should hold:
It is immediately obvious that when the model parameters are in {Θ 1 , Θ 2 } and σ ≥ 1, this inequality is trivially satisÞed.
After substitution of (14a) into the above expression and simplifying, I obtain
This expression provides an additional constraint on the model parameters when σ < 1. Finiteness of the utility integral also implies that the transversality condition at the steady state holds, lim
0. Both C and K grow at the same rate, and this condition is equivalent to
1−γ − ρ < 0 which is exactly the necessary condition for the utility integral to converge.
Finally, I have to check the positivity of q
σ > 0, r * was shown above to be positive, q * is then positive. In case
given by
The term in the Þgure parentheses is always positive because
and so q * is also positive.
Claim 4 If the model parameters belong to one of the following two sets:
then the system (13) has an interior BGP solution along which household's utility integral converges and the transversality condition holds.
As was stated above, the system (13) is equivalent to the one derived in Section 2 of BPX. Therefore, indeterminacy is still possible in my system only for parameter values belonging to the set Θ 1 .
Inßuence of Unskilled Labor, no Complementarities
Stability analysis of a simpliÞed version of the original Romer model (no complementarities, ξ = 1) was performed in (Arnold 2000) by assuming that unskilled labor, L, does not enter the production function. This assumption meant a signiÞcant simpliÞcation of the steady state Jacobian. Arnold was then able to show that if the positive steady state of the model is interior, then it is determinate with two positive and one negative eigenvalues of the steady state Jacobian. In this Section, I undertake to verify that inclusion of the unskilled labor into the original Romer model does not change this result.
Rewrite (13) as
by substituting ξ = 1. It is easy to verify that the steady state is given by
It is immediately obvious that h * and r * are always positive. H − h * is given by 1 σ δH−ρΛ Λ+ 1 σ and so ρ < δ Λ H guarantees an interior solution. In the absence of externalities the growth rates of knowledge, consumption, and capital are the same. Therefore, to ensure Þniteness of the utility integral, one needs
Finally, note that q * > 0 for σ ≥ 1 because
σ is positive. For σ < 1, the following chain of inequalities proves that q * is positive:
Therefore, the following Claim is true:
Claim 5 If the model parameters belong to the following set,
then the system (20) has an interior BGP solution along which household's utility integral converges and the transversality condition holds.
It is interesting to note that for σ < 1, only ρ ∈ [ρ, ρ] where ρ > ρ > 0, ensure an interior solution. Economies with highly impatient agents do not allocate skilled labor to the research sector; economies with very high patience grow too fast, and the utility integral diverges.
Determinacy, indeterminacy, or explosiveness of the steady state is determined by the number of unstable directions near the steady state and the number of the free, or control, variables. After excluding the fourth equation for
A from consideration, only one variable remains predetermined -total capital K. Two other variables, C and h, are free. After changing the variables to (r, h, q), the structure with one predetermined and two free variables is preserved. Therefore, indeterminacy requires 1 positive (unstable) direction. 2 unstable directions mean that the steady state is a saddle, and 3 positives imply explosive behavior. As is well known, the number of stable and unstable directions near the steady state is obtained by calculating the Jacobian of the system linearized around the steady state and then evaluating the number of stable and unstable eigenvalues. In addition, for 3-dimensional systems of ODE, the number of positive eigenvalues for the matrix A is given by the number of sign changes in the following sequence:
where BA is the sum of the second order minors. See, for example, (Gantmacher 1960 ) for proof.
The Jacobian of the linearized system (20) is given by
Calculating the determinant of J * , one obtains
For the trace of J * , long calculations produce
Partially substituting (22) in the above expression, one gets
The following Claim is, therefore, true:
Claim 6 For parameter values in Θ, the Jacobian of the linearized around the positive steady state system (20) satisÞes trace(J
This is exactly the conclusion achieved in (Arnold 2000) under the assumption that β = 0. Therefore, the main result of that paper holds: for parameter values ensuring that there exists an interior solution with Þnite utility integral, the solution is saddle path stable, because the sequence (23) Note that assuming β = 0 simpliÞes the problem. For example, the Jacobian (24) has zero in the Þrst row, third column. It might be, therefore, advisable to assume β = 0 in the complicated problem of Sections 1 and 2 and to study its stability with the hope that the results are not very sensitive to the particular value of β. This is undertaken in the next Section.
Model with Complementarities, no Unskilled Labor
If I assume β = 0, then γ = 1 − α. Linearizing (13) near the positive steady state and substituting away α, I get the following steady state Jacobian:
where (r * , h * , q * ) are given by (14a)-(14d). It will be impossible to obtain detailed stability boundaries in this case. My task here will be, therefore, very limited. I will ask if the Hopf bifurcation -passing of the imaginary axis by two complex conjugate eigenvalues with non-zero speed -is possible in 3 special cases. Recall that the number of positive eigenvalues is determined by the number of sign changes in the following sequence: 
Case
In this case the steady state Jacobian simpliÞes even more,
One of the eigenvalues is given by q * = ρ σ > 0. Two remaining eigenvalues are the eigenvalues of the 2-dimensional matrix,
The Hopf bifurcation then requires Det(J *
which is positive for large ξ. The expression for trace(J * 1 ) can be written as f (ρ, δH, ξ, γ) that cannot be signed using restrictions analogous to those derived in Claim 4. Function f is cubic in ξ and γ. However, a relatively easy necessary condition can be derived here. Note that if trace(J * 1 ) = 0, then J * 1 (2, 2) > 0 and
Simplifying the last expression, it is easy to see that the following two constraints should hold at the Hopf bifurcation point:
The Þrst quadratic equation has 2 roots, ξ 1 = γ 2 and ξ 2 = 1 + γ. ξ is assumed to be greater or equal to one, and (31b) is then satisÞed for ξ > 1 + γ. The second equation has 2 real roots,
Obvious calculations demonstrate that
Summarizing the above results I can state the following:
Claim 7 The necessary condition for the existence of the Hopf bifurcation in
Λ , the steady state Jacobian becomes
The three eigenvalues of J * are given by λ 1,2,3 = (−
All three are real, and Hopf bifurcation is impossible here. Assuming that the positive solution is interior, Note that ξ = 1 +
The two cases just considered point to the following conclusion: low ξ excludes Hopf bifurcations. Numerical simulations conducted in the following Section support this conjecture.
Case Θ 2
Determinant of the steady state Jacobian was calculated in (Benhabib, Perli, and Xie 1994) and remains the same in the current model. Rewriting it using my notation, I get
Expression ( Express r * and q * through δ(H − h * ) and ρ only as described above. After very long and tedious chain of calculations that are omitted here, the expression for
I evaluate this expression separately for σ ≥ 1 and σ < 1 2 .
Note that the Þrst term is always positive no matter what σ is. Consider
Þrst the case σ ≥ 1. For σ = 1 the expression in square parentheses reduces to Consider now σ < 1. In this case (18) is not moot and ρ
Substitute this inequality into (35) and after simpliÞcation obtain
The only part of the last expression that can be negative is given by Φ =
(1 − σ)(ξ − γ) + σΨ. Write it as a quadratic equation in σ,
Note that (38) If the model parameters belong to Θ 2 then (16) guarantees that ΛΨ+1−γ > 0. Substitute this inequality into Φ to obtain
It is easy to show that
I have just proven that given Θ 2 , Φ reaches a minimum at a point where it is greater than the positive number (ξ − γ)
. Therefore, it is positive everywhere for σ < 1. But Φ = (1 − σ)(ξ − γ) + σΨ was the only term inside the Þgure parentheses in (37) that could possibly be negative. This means that trace(J * ) is greater than some positive number for σ < 1 and so is positive.
Combining the results for σ ≥ 1 and σ < 1 I get that trace(J * ) > 0 if the model parameters belong to Θ 2 . The sequence of signs becomes (−, +, ?, −) and only 2 sign changes are possible. Therefore, Case Θ 2 implies that there are no Hopf bifurcations and the interior steady state is determinate (saddle path stable).
Claim 9 If the model parameters belong to set Θ 2 , then the unique interior steady state is determinate. No Hopf bifurcations are possible.
5 Numerical Search for the Hopf Bifurcation Boundary (Benhabib, Perli, and Xie 1994) Table 1 : Points on a Hopf bifurcation boundary. r * = 4%, S K = 25%, parameters in Θ 1 , β = 0 boundary. I demonstrate that it is possible to obtain Hopf bifurcation for the "reasonable" parameter values. I also show that the conjecture on insigniÞcance of β holds for Hopf bifurcation boundaries.
The Þrst set of calculations was performed using the model with β = 0. I Þxed the steady state values of the interest rate at 4% and the skilled labor share at 75%, leaving 25% to the capital as in BPX. The parameter values were constrained to belong to the set Θ 1 . As stated above, Θ 1 means positive Det(J * ), and the Hopf bifurcation happens if the sign sequence goes from (−, +, +, +) to (−, +, −, +). Therefore, the full problem was to Þnd a vector Table 2 : Hopf bifurcation boundary r * = 4%, S K = 25%, parameters in Θ 1 , β = α/2 as high as 0.6822, but the value of ξ was also unrealistically high at 3.412.
In general, I can generate Hopf bifurcation for values of σ higher than those presented in Table 1 of BPX, and those values are simply points in Θ 1 , not the bifurcation boundary points. However, the bifurcation boundary points generally have lower productivity of skilled labor in research (δ), discount rate (ρ), and rates of growth of the knowledge and capital than those presented in (Benhabib, Perli, and Xie 1994) . As expected, an analogous search in the set Θ 2 did not bring any results.
To test the conjecture on insigniÞcance of the unskilled labor for the stability of the model, a similar search was performed assuming β > 0. In Table 2 , I used the constraint β = α 2 . This is the same assumption as the one used in BPX. As in Table 1 , the steady state interest rate was restricted to be equal to 4%, and the share of capital to 25%. Points on the bifurcation boundary for the model with β = 0 were used as initial points in the numerical search in an attempt to facilitate the comparison of the two models.
The comparison of the results shows that the bifurcation boundary in the model with unskilled labor is achieved for higher ratios of the skilled labor in manufacturing and correspondingly lower growth rates. There is no discernible effect on the values of σ, δ tends to be lower, and ρ and ξ higher. Still, the values of the discount rate ρ needed to generate the Hopf bifurcation are probably too low, as are the steady state rates of growth of knowledge and consumption.
Attempts to make β a free parameter, not constrained to the value α/2, did not bring any signiÞcantly different results. Inclusion of nonzero β implies that the Hopf bifurcation boundary is achieved for steady states with a very high share of the skilled labor in manufacturing and low growth rates.
Summarizing the numerical results presented above I can say that Arnold's statement on the insigniÞcance of the unskilled labor for the stability of the original Romer's model is qualitatively correct in the extended version of the model. Nonzero value of β does not preclude indeterminate steady state or Hopf bifurcation to the absolutely unstable steady state. It does not allow a bifurcation from the determinate to the absolutely stable steady state. The major result of its inclusion is the shift of the bifurcation boundary towards economies allocating less resources to research. If this bifurcation leads to absolutely explosive behavior rather that a stable limit cycle, I can claim that the inclusion of β increases the range of economies that could be described by the extended Romer model.
